The nonlinear interaction between counterpropagating Alfvén waves is the physical mechanism underlying the cascade of energy to small scales in astrophysical plasma turbulence. Beginning with the equations for incompressible MHD, an asymptotic analytical solution for the nonlinear evolution of these Alfvén wave collisions is derived in the weakly nonlinear limit. The resulting qualitative picture of nonlinear energy transfer due to this mechanism involves two steps: first, the primary counterpropagating Alfvén waves interact to generate an inherently nonlinear, purely magnetic secondary fluctuation with no parallel variation; second, the two primary waves each interact with this secondary fluctuation to transfer energy secularly to two tertiary Alfvén waves. These tertiary modes are linear Alfvén waves with the same parallel wavenumber as the primary waves, indicating the lack of a parallel cascade. The amplitude of these tertiary modes increases linearly with time due to the coherent nature of the resonant four-wave interaction responsible for the nonlinear energy transfer. The implications of this analytical solution for turbulence in astrophysical plasmas is discussed. The solution presented here provides valuable intuition about the nonlinear interactions underlying magnetized plasma turbulence, in support of an experimental program to verify in the laboratory the nature of this fundamental building block of astrophysical plasma turbulence.
The nonlinear interaction between counterpropagating Alfvén waves is the physical mechanism underlying the cascade of energy to small scales in astrophysical plasma turbulence. Beginning with the equations for incompressible MHD, an asymptotic analytical solution for the nonlinear evolution of these Alfvén wave collisions is derived in the weakly nonlinear limit. The resulting qualitative picture of nonlinear energy transfer due to this mechanism involves two steps: first, the primary counterpropagating Alfvén waves interact to generate an inherently nonlinear, purely magnetic secondary fluctuation with no parallel variation; second, the two primary waves each interact with this secondary fluctuation to transfer energy secularly to two tertiary Alfvén waves. These tertiary modes are linear Alfvén waves with the same parallel wavenumber as the primary waves, indicating the lack of a parallel cascade. The amplitude of these tertiary modes increases linearly with time due to the coherent nature of the resonant four-wave interaction responsible for the nonlinear energy transfer. The implications of this analytical solution for turbulence in astrophysical plasmas is discussed. The solution presented here provides valuable intuition about the nonlinear interactions underlying magnetized plasma turbulence, in support of an experimental program to verify in the laboratory the nature of this fundamental building block of astrophysical plasma turbulence.
I. INTRODUCTION
Turbulence plays a crucial role in the transport of mass, momentum, and energy in a wide variety of plasma environments, from distant astrophysical systems, such as galaxy clusters and accretion disks around black holes, to the solar corona and solar wind in our own heliosphere, to the laboratory plasmas of the magnetic confinement fusion program. Of particular importance in space and astrophysical plasmas is the governing role that turbulence plays in transferring energy from large scales, where the turbulent motions are typically driven by violent events or instabilities, down to sufficiently small scales that dissipative mechanisms can damp the turbulent motions and convert the turbulent energy into plasma heat. Turbulence significantly impacts the evolution of astrophysical environments through this turbulent cascade of energy from large to small scales. The turbulent energy cascade itself is driven by nonlinear interactions within the turbulent plasma.
The magnetic field that ubiquitously permeates astrophysical plasmas significantly influences the nature of the turbulence, endowing it with substantially different properties from the hydrodynamic turbulence common in terrestrial environments. In place of the hierarchy of turbulent eddies of different sizes that make up hydrodynamic turbulence, turbulent motions in a magnetohydrodynamic (MHD) plasma are dominated by the physics of Alfvén waves, 1 traveling disturbances of the plasma and magnetic field that propagate along the local mean magnetic field. Early work exploring the nature of plasma turbulence using the incompressible MHD equations recognized that the nonlinear interactions underlying the turbulent cascade occur only between counterpropagating Alfvén wave packets, 2,3 often referred to as Alfvén wave "collisions."
This nonlinear interaction, in fact, persists under more general plasma conditions than required by the MHD approximation, particularly under the weakly collisional conditions relevant to many space and astrophysical plasma environments. 4, 5 The nonlinear term responsible for this counterpropagating wave interaction in the kinetic equation that governs weakly collisional plasma dynamics is generically labeled the E × B nonlinearity, as highlighted, for example, in equation (35) of Howes et al. 4 This name is an appropriate general term for this nonlinearity because, as shown in §III B, the lowest order contribution to the plasma fluid velocity is given by u ⊥ ≃ cE × B 0 /B 2 0 ; therefore, the E × B nonlinearity takes the familiar form of the nonlinearity appearing in the fluid equations, u ⊥ · ∇. The E × B nonlinearity requires that the Alfvén wave fronts vary spatially in the plane perpendicular to the local magnetic field (k ⊥ = 0), as will be discussed in more detail in §II. A number of other nonlinearities can occur in a magnetized plasma, including parametric instabilities driven by gradients parallel to the magnetic field, such as the decay, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] modulational, 12, 16, [19] [20] [21] [22] [23] and beat 16, 22 instabilities, and other possible nonlinear interactions. [24] [25] [26] [27] [28] [29] [30] [31] Here we propose the working hypothesis that the E × B nonlinearity is the dominant nonlinear mechanism underlying the anisotropic cascade of energy in magnetized plasma turbulence. Furthermore, we contend that this nonlinearity remains the dominant driver of turbulent energy transfer even under conditions beyond the MHD limit, in particular for turbulence in collisionless plasmas as well as for the turbulent dynamics at small scales below the characteristic ion kinetic scales, where the plasma waves become dispersive.
The expected dominance of the E × B nonlinearity over other potential nonlinear mechanisms in astrophysical plasma turbulence is easily explained. A nonlinear mechanism will contribute significantly to the dynamics if the associated nonlinear term in the equations of evolution approaches or surpasses the order of magnitude of the linear terms. The relative magnitude of the terms in the evolution equations can be quantified by a characteristic timescale, or frequency, associated with each term. [32] [33] [34] The linear frequency of Alfvén waves in a magnetized plasma is given by ω = k v A , and thus depends on the gradient parallel to the equilibrium magnetic field. Nonlinearities that depend on the parallel gradients in the plasma, such as parametric instabilities, have an associated nonlinear frequency that scales as ω N L ∼ k δv. Therefore, parallel nonlinearities significantly affect the evolution when ω N L ∼ ω, which requires a fluctuation amplitude of order the Alfvén velocity, δv/v A ∼ 1. In contrast, the E × B nonlinearity depends on the perpendicular gradient in the plasma, with an associated nonlinear frequency ω N L ∼ k ⊥ δv. This nonlinearity will likewise significantly influence the evolution of a turbulent plasma when ω N L ∼ ω, a condition known in MHD turbulence theory as critical balance. 32, 35 In this case, the E × B nonlinearity can be strong even for small fluctuation amplitudes, δv/v A ≪ 1, as long as the turbulent fluctuations are significantly anisotropic, k ⊥ /k ≫ 1.
Theoretical arguments have suggested 32, 35, 36 and numerical simulations, [37] [38] [39] [40] [41] [42] laboratory experiments, [43] [44] [45] and solar wind observations [46] [47] [48] have demonstrated that magnetized plasma turbulence inherently generates small-scale fluctuations with precisely this sense of anisotropy, k ⊥ /k ≫ 1. The amplitude of turbulent fluctuations decreases with scale, so that deep into the inertial range, at length scales much smaller than the driving scale, the amplitude of fluctuations is small, δv/v A ≪ 1. The featureless power-law appearance of the entire turbulent inertial range in magnetized plasma turbulence suggests that a single nonlinear mechanism is responsible for the underlying nonlinear energy transfer to smaller scales. Since the E × B nonlinearity must dominate deep within the inertial range where δv/v A ≪ 1, this implies that the E × B nonlinearity indeed dominates throughout the entire inertial range. Although a detailed evaluation of the relative importance of the E × B nonlinearity to other potential nonlinearities in magnetized plasma turbulence is beyond the scope of this paper, we believe the evidence supports our working hypothesis that the E × B nonlinearity is the dominant nonlinear mechanism underlying the turbulent energy cascade in magnetized plasmas. This hypothesis motivates the primary aim of this paper, to solve for the evolution of the nonlinear interaction between counterpropagating Alfvén waves due to the E × B nonlinearity in an incompressible, ideal MHD plasma. This nonlinear interaction is the fundamental building block of magnetized plasma turbulence.
The mathematical properties of the nonlinear interaction between counterpropagating Alfvén waves have provided indispensable guidance in the construction and refinement of modern theories for anisotropic turbulence in a magnetized plasma. 2, 3, 32, [35] [36] [37] [49] [50] [51] [52] [53] [54] [55] [56] Therefore, the derivation of an explicit solution of the evolution of this nonlinear interaction can provide valuable insight into the fundamental nature of the turbulence. Here we highlight the role that the consideration of the mathematical properties of the nonlinear interaction has played in the development of the modern theory for weak and strong MHD turbulence. Iroshnikov 2 and Kraichnan 3 independently developed an isotropic theory for incompressible MHD turbulence, first recognizing that the nonlinear interaction underlying the turbulence occurs only between counterpropagating Alfvén wave packets. Shebalin, Matthaeus, and Montgomery 37 showed that the particular form of the nonlinear term leads to three-wave matching conditions that require one of the waves to have k = 0, leading to an anisotropic turbulent cascade that transfers energy to smaller scales in the perpendicular direction, but not the parallel direction. Based on the development of the reduced MHD equations by Strauss 57 and their use in exploring anisotropic MHD turbulence by Montgomery and Turner, 45, 49 Higdon 50 developed an alternative model of highly anisotropic incompressible MHD turbulence in the presence of a strong mean magnetic field, consisting of two-dimensional velocity and magnetic field fluctuations in the plane perpendicular to the magnetic field, unrelated to the propagating Alfvén wave fluctuations.
Sridhar and Goldreich 35 incorporated anisotropy into the Iroshnikov-Kraichnan (IK) theory, pointing out that the IK theory is a theory for weak turbulence based on resonant three-wave interactions. But they claimed that the IK theory was incorrect because these three-wave interactions involve one mode that has ω = 0, and since linear wave modes with ω = 0 possess no power, the coupling coefficients for three-wave interactions are trivially zero. Sridhar and Goldreich then proceeded to develop a quantitative model for weak incompressible MHD turbulence based on four-wave interactions. This four-wave theory had two important qualitative predictions: (i) there occurs no parallel cascade of energy, and (ii) the nonlinear interactions strengthen as the turbulent cascade proceeds to smaller perpendicular scales, eventually transitioning to a strong turbulent cascade. Goldreich and Sridhar 32 pushed on to describe the nature of strong incompressible MHD turbulence, suggesting that a broadening of the condition for the resonant frequency matching leads to the onset of a parallel cascade such that the nonlinear and linear terms in the equations of evolution remain in a state of critical balance as the turbulence transfers energy to smaller scales. The conjecture of critical balance has the important implication that the parallel and perpendicular scales of turbulent fluctuations are correlated, leading to a scale-dependent anisotropy.
Subsequently, Montgomery and Matthaeus 51 claimed that Sridhar and Goldreich 35 were incorrect in concluding that three-wave interactions played no role in weak incompressible MHD turbulence, arguing that three-wave interactions do not vanish because fluctuations with k = 0 can exist, although they cannot be treated as linear waves. Ng and Bhattacharjee 52 used perturbation theory to calculate the interaction between counterpropagating Alfvén wave packets, proving that the three-wave interactions do not vanish if the wave packets have a k = 0 component, and that when these interactions are nonzero, they dominate over four-wave interactions. Admitting that their original weak turbulence formulation had effectively neglected the possibility of magnetic field line wander, which leads to a k = 0 component in the interaction, Goldreich and Sridhar 53 constructed a theory for weak MHD turbulence based on three-wave interactions. The two key predictions, that no parallel cascade occurs and that nonlinear interactions the strengthen as the turbulence cascades to smaller scale, persisted in this refined theory. Furthermore, Goldreich and Sridhar suggested that the displacement of magnetic field lines would lead to a correlation relating successive interactions between different counterpropagating Alfvén wave packets, causing a perturbative approach to fail in describing the turbulent evolution. Galtier and coworkers 54 argued, however, the perturbation theory remains valid even for weak MHD turbulence dominated by three-wave interactions, and Lithwick and Goldreich 56 demonstrated the validity of this claim using the example of a linear random oscillator.
Finally, Boldyrev 36 pointed out that the vector nature of the nonlinear term in the incompressible MHD equations leads to the development of a dynamic alignment between velocity and magnetic field fluctuations in strong incompressible MHD turbulence. This important refinement leads to the qualitative prediction that MHD turbulence generates sheet-like rather than filamentary structures at small scales, as widely observed in MHD turbulence simulations, and to a key quantitative change in the predicted magnetic energy spectrum, bringing the theory into agreement with numerical results.
Much of the progress in the development of the modern anisotropic theory for weak and strong MHD turbulence outlined above is founded upon the intuitive concept of nonlinear interactions between counterpropagating Alfvén waves as the fundamental building block of the turbulent cascade. In this paper, we illuminate the general properties of these nonlinear interactions by using an asymptotic analysis to explicitly solve for the nonlinear evolution of counterpropagating Alfvén wave interactions in the weakly nonlinear limit. As we shall demonstrate, the resulting solution provides insight into the nature of weak incompressible MHD turbulence, particularly the relevance of threewave and four-wave interactions. The solution also provides a potential explanation for the common observation of an Alfvén ratio greater than unity at large scales in plasma turbulence, as observed in the solar wind 58 and numerical simulations.
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In §II we highlight the general properties of magnetized plasma turbulence. The detailed asymptotic analytical solution to the nonlinear evolution of counterpropagating Alfvén wave interactions in the weakly nonlinear limit is presented in §III. The general characteristics of the solution are summarized and their implications are discussed in §IV. The verification of these analytical solutions using nonlinear gyrokinetic simulations is presented in a companion paper, Nielson, Howes, and Dorland, 60 hereafter Paper II.
II. GENERAL PROPERTIES OF MAGNETIZED PLASMA TURBULENCE

A. Incompressible MHD Equations and Characteristic Linear Wave Modes
To explore the fundamental properties of turbulence in a magnetized plasma, in particular the nonlinear interaction between counterpropagating Alfvén waves, a useful point of departure is the set of incompressible MHD equations, expressed here in the symmetrized Elsässer form,
where the magnetic field is decomposed into equilibrium and fluctuating parts B = B 0 + δB, v A = B 0 / √ 4πρ 0 is the Alfvén velocity due to the equilibrium field B 0 = B 0ẑ , P is total pressure (thermal plus magnetic), ρ 0 is mass density, and z ± (x, y, z, t) = u ± δB/ √ 4πρ 0 are the Elsässer fields given by the sum and difference of the velocity fluctuation u and the magnetic field fluctuation δB expressed in velocity units. At a glance, one might think that an equation of state for P is necessary to close the system of equations given by (1) and (2), but in fact the divergence free condition (2) closes the system, 49 as follows. Taking the divergence of (1), the terms on the left-hand side are zero using (2), leaving the following expression for the pressure,
where summation of over repeated indices is implied. This demonstrates that the pressure can be computed by solving a Poisson equation, where nonlinear products of the gradients of the Elsässer fields act as a source. It is worthwhile noting that the pressure at any point responds instantaneously to changes in the Elsässer fields at any other point; the speed of sound is effectively infinite in the incompressible limit. Since (3) shows that the pressure term in incompressible MHD arises nonlinearly, both of the terms on the righthand side of (1) are nonlinear. Linearization of the equations yields two wave modes, both obeying the same linear dispersion relation, ω = ±k v A : (i) the Alfvén waves, with z ± polarized in theẑ ×k direction, and (ii) the pseudoAlfven waves, the incompressible limit of the slow magnetosonic wave from compressible MHD, with z ± polarized in thek × (ẑ ×k) direction. 39 Note that the fast magnetosonic wave from compressible MHD is eliminated from the system by the infinite sound speed implied by the condition of incompressibility.
The symmetrized Elsässer form of the incompressible MHD equations lends itself to a particularly simple physical interpretation, helping to illuminate the fundamental nature of magnetized plasma turbulence. The Elsässer field z + (z − ) represents either the Alfvén or pseudo-Alfvén wave traveling down (up) the equilibrium magnetic field. The second term on the left-hand side of (1) is the linear term representing the propagation of the Elsässer fields along the mean magnetic field at the Alfvén speed, the first term on the right-hand side is the nonlinear term representing the interaction between counterpropagating waves, and the second term on the right-hand side is a nonlinear term that ensures incompressibility through (3).
B. Nonlinear Properties of the Incompressible MHD Equations
The mathematical form of the nonlinear wave interaction term in (1) reveals several important properties of incompressible MHD turbulence. Consider the nonlinear interaction between two plane waves with wavevectors k 1 and k 2 , where we adopt the convention that the wave frequency ω ≥ 0, so that the sign of k determines the direction of propagation of the wave along the equilibrium magnetic field. First, the nonlinear interaction term may be nonzero only if both z + = 0 and z − = 0, so the two waves must propagate in opposite directions along the magnetic field, implying k 1 and k 2 have opposite signs. 2, 3 Physically, the waves represented by the z − Elsässer fields cause nonlinear distortion of the counterpropagating z + Elsässer fields, and vice-versa. Therefore, when z − = 0, an arbitrary waveform z + (x, y, z + v A t) is an exact nonlinear solution of the equations, representing a finite amplitude Alfvén or pseudo-Alfvén wavepacket traveling nondispersively in the −ẑ direction, and vice-versa. 32 Next, we consider the nonlinear distortion of a downward propagating wave z + with wavevector k + by an upward propagating wave z − with wavevector k − , as given by the nonlinear term z − · ∇z + in (1). We will separately consider the distortion due to an Alfvén wave z − A and a pseudo-Alfvén wave z − P . Note that the dot product in the nonlinear term selects the gradient of the z + wave along the direction of polarization of the z − wave, so first let us compute simple expressions for the directions of polarization for the Alfvén and pseudo-Alfvén wave. For a wave with wavevector k, let us specify an orthonormal basis (ẑ,k ⊥ ,ẑ ×k ⊥ ), where the unit vector in the wavevector direction is given bŷ k = (k ẑ + k ⊥k⊥ )/k. The Alfvén wave is polarized in theẑ ×k direction, which simplifies to theẑ ×k ⊥ direction of the orthonormal basis. The pseudo-Alfvén wave is polarized in thek × (ẑ ×k) direction, which simplifies to a unit vector direction (−k /k)k ⊥ + (k ⊥ /k)ẑ, so this demonstrates that the pseudo-Alfvén wave inhabits the plane defined by the other two directions of the orthonormal basis.
For the distortion of any k 
Although this nonlinear term is generally nonzero, it is important to note that each term involves the parallel component of the wavevector of one of the waves. As we explain next, this property leads to the prediction that, at sufficiently small scales within the inertial range, the contribution of the pseudo-Alfvén waves to the nonlinear interactions driving the turbulent cascade in an incompressible MHD plasma is subdominant to the contribution of the Alfvén waves.
C. The Anisotropic Limit k ⊥ ≫ k and the Relation to Reduced MHD To place the calculation presented in §III into the proper context with respect to related work, it is important to specify exactly the relation between incompressible MHD and another widely used system of equations called reduced MHD. 5, 45, 49, 57 The reduced MHD equations describe low-frequency, anisotropic fluctuations in a magnetized plasma, and were originally derived as a reduced description of the MHD dynamics in tokamak experiments. 57 Early derivations of the reduced MHD equations assumed a strong magnetic field, or a β ≪ 1 limit of plasma, 45, 49, 57 where the plasma beta is the ratio of the thermal to the magnetic pressure, β = 8πnT /B 2 0 . In fact, however, the derivation 5 minimally requires only the assumption of anisotropic fluctuations k ⊥ ≫ k , so reduced MHD indeed is applicable for arbitrary plasma β. This is an important point, because the limitation to β ≪ 1 plasmas would severely limit the applicability of the reduced MHD equations for astrophysical applications, where one often finds β 1. In this paper, we refer to the limit k ⊥ ≫ k as the anisotropic limit.
The development of anisotropy is a widely recognized property of magnetized plasma turbulence, supported by laboratory experiments, [43] [44] [45] numerical simulations, [37] [38] [39] [40] [41] [42] and solar wind observations. [46] [47] [48] Even for the turbulence driven isotropically with k ⊥ ∼ k ∼ 1/L at the outer scale of the inertial range, the turbulent fluctuations preferentially transfer energy to smaller scales in the direction perpendicular to the magnetic field, generating increasingly anisotropic fluctuations as the turbulent energy cascades to smaller scales. At perpendicular scales sufficiently smaller than the driving scale L, or k ⊥ L ≫ 1, this scale-dependent anisotropy leads to small-scale turbulent fluctuations that are highly elongated along the direction of the magnetic field, described by the anisotropic limit k ⊥ ≫ k . Therefore, even if the anisotropic limit is not satisfied at the largest scales of the turbulent cascade, the anisotropic limit becomes increasingly well satisfied as the turbulent fluctuations cascade to smaller scales through the inertial range.
The simplicity of the reduced MHD equations and of the plasma dynamics in the anisotropic limit have enabled a number of important properties of anisotropic magnetized plasma turbulence to be identified. First, we note that, similar to the case for incompressible MHD, the fast magnetosonic wave is ordered out of the reduced MHD system. The unimportance of fast-wave fluctuations in the turbulent solar wind is supported by a recent observational study that finds a statistically negligible contribution from fast waves to the turbulence.
62 Second, in the anisotropic limit, reduced MHD provides a rigorous description of the turbulent dynamics of Alfvénic fluctuations for both collisional and collisionless plasmas 5 for perpendicular length scales down to the scale of the ion Larmor radius, k ⊥ ρ i ∼ 1. Third, for collisional plasmas in the anisotropic limit, the general turbulent cascade separates into five decoupled channels: two for the upward and downward Alfvén waves, two for the upward and downward slow waves, and one for the non-propagating entropy fluctuations. 5, 55 This decoupling of turbulent energy cascades is supported by the results of numerical simulations. 39, 63, 64 Complementing the reduced MHD equations which describe the dynamics of the Alfvén waves, in the collisional limit, the slow wave cascade is described by equations for the parallel velocity and parallel magnetic field fluctuations, and the entropy mode cascade is determined by an equation involving the density and parallel magnetic field fluctuations. 5 In the collisionless limit, the slow wave and entropy mode cascades are replaced by compressible fluctuations described by a kinetic equation for the ion distribution function. The system described by the usual reduced MHD equations in addition to this ion kinetic equation leads to the equations of kinetic reduced MHD.
5 Fourth, in the anisotropic limit, the cascade of Alfvén waves is unaffected by the slow waves and entropy modes, but these cascades of compressible fluctuations undergo no cascade on their own, their nonlinear transfer instead being controlled by the turbulent dynamics of the Alfvén waves.
5,39,55,63,64 As a corollary, if no slow wave or entropy mode fluctuations are injected into the turbulence, none will be generated by the nonlinear interaction between counterpropagating Alfvén waves. Now we return to consider the nonlinear evolution of any wave due to its interaction with a counterpropagating pseudo-Alfvén wave compared to that due to a counterpropagating Alfvén wave in an incompressible MHD plasma. We explore how this result, in the anisotropic limit, corresponds to the properties of reduced MHD outlined above. We specify the anisotropic limit with the ordering k /k ⊥ ∼ ǫ ≪ 1. To simplify matters, we choose the following wavevectors for each of the interacting waves to obtain the maximum possible nonlinear interaction in each case: a distorted downward wave (either an Alfvén or a pseudo-Alfvén wave) with k + = k ⊥x − k ẑ, a distorting upward Alfvén wave with k − A = k ⊥ŷ + k ẑ, and a distorting upward pseudo-Alfvén wave with k
In this case, the pseudo-Alfvén wave interaction is proportional to −2k k ⊥ /k and the Alfvén wave interaction is proportional to −k ⊥ . The ratio of the pseudo-Alfvén wave interaction to the Alfvén wave interaction is therefore 2k /k ≃ 2k /k ⊥ ∼ ǫ. This result proves that, in the anisotropic limit, the pseudo-Alfvén wave contribution to the nonlinear interaction is subdominant to the Alfvén wave contribution for incompressible MHD. This is consistent with the result from reduced MHD that the slow waves do not affect the turbulent cascade of Alfvén waves, and that the slow waves are cascaded by Alfvén waves. Note that the unit vector in the direction of polarization for the pseudo-Alfvén wave, given by (−k /k)k ⊥ + (k ⊥ /k)ẑ, is dominated by theẑ component in the anisotropic limit k ⊥ ≫ k , so the subdominant nonlinearity due to the pseudo-Alfvén wave is sometimes referred to as the parallel nonlinearity.
As we shall see below, the equations for the evolution of the Alfvénic fluctuations in incompressible MHD are identical to the equations of reduced MHD. These equations are formally rigorous in the anisotropic limit k ⊥ ≫ k , but are likely to remain a reasonable description of the lowest order Alfvénic dynamics even for only a moderate anisotropy. The correspondence of the Alfvénic dynamics between reduced MHD and incompressible MHD is not particularly surprising since Alfvén waves are incompressible fluctuations. For the remainder of this paper, we focus on the dynamics of the Alfvén waves, which necessarily become dominant and uncoupled from pseudo-Alfvén wave fluctuations. Even if the pseudo-Alfvén waves alter the nonlinear evolution of the largest-scale turbulent fluctuations, they become increasingly negligible as the turbulent cascade progresses to smaller scales through the inertial range.
D. Other Properties of the Incompressible MHD Equations
A few other properties of the incompressible MHD equations (1) are relevant to a discussion of the nonlinear evolution in turbulence. First, the upward and downward waves do not exchange energy. 5, 39 This can be seen by taking the dot product of (1) with z ± and integrating over space. Assuming either periodic boundary conditions or that the Elsässer fields z ± vanish at infinity, the nonlinear terms vanish and one obtains the key result
This implies that the nonlinear interactions do not lead to any exchange of energy between upward and downward waves-the energy fluxes of the waves in each of these directions is conserved. One may consider the nonlinear interaction of an upward propagating Alfvén wave packet with a downward propagating Alfvén wave packet as an elastic "collision" between the wave packets. The wave packets may be scattered (generally to higher wavenumber) but do not change energy. This is the root of the common terminology describing nonlinear interactions between counterpropagating Alfvén waves as Alfvén wave collisions, a physical process unrelated to the collisionality of plasma species. It is worthwhile noting that, in the anisotropic limit, the same property holds for the two slow wave cascades and the one entropy mode cascade, that no energy is exchanged among these uncoupled cascades.
5
Second, note that the vector form of (1) readily demonstrates that turbulence in an incompressible MHD plasma is an inherently three-dimensional phenomenon. The linear term v A · ∇z ± represents propagation of the Alfvén waves along the equilibrium magnetic field and is nonzero only when the parallel wavenumber k = 0, requiring the inclusion of the field-parallel dimension. As derived above in §II B, the nonlinearity arising from the interaction of counterpropagating Alfvén waves is proportional toẑ·(k − ⊥ ×k + ⊥ ). In order fork − ⊥ ×k + ⊥ = 0, variation in both directions perpendicular to the magnetic field is required. This implies that both perpendicular dimensions must be included for the nonlinear term to be represented properly. The manifestly three-dimensional nature of plasma turbulence not only applies to incompressible MHD plasmas, but persists as a general characteristic of the turbulence for more complex plasmas, such as compressible MHD plasmas or kinetic plasmas. 65 Finally, it is worth explicitly stating that the dominance of the Alfvén waves in the inherently anisotropic cascade of magnetized plasma turbulence combined with the requirement that k 
E. The Elsässer Potential Equations
The presence of the pressure term in (1) significantly complicates the use of asymptotic methods to solve for the evolution of the nonlinear interaction between counterpropagating Alfvén waves in the weakly nonlinear limit. We can focus on the dynamics of the Alfvén waves and avoid this by difficulty by expressing the Elsässer fields z ± in terms of Elsässer potentials ζ ± , defined by the relation by z ± =ẑ × ∇ ⊥ ζ ± . This procedure projects the vector Elsässer fields onto the polarization direction of the Alfvén waves,ẑ ×k, eliminating the pseudo-Alfvén waves from the system. It also has the added benefit that that the resulting Alfvénic Elsässer fields z ± automatically satisfy the incompressibility condition (2) .
Substituting the Elsässer potentials ζ ± into (1) and simplifying yields the Elsässer potential equations, as given by eq. (21) of Schekochihin et al.,
where the Poisson bracket is defined by
In (6), the left-hand side of the equation describes the linear evolution of the Elsässer potentials ζ ± , while the righthand side contains the nonlinear terms. The form of the Elsässer potential equations lends them to solution by an asymptotic expansion in the weakly nonlinear limit, where the terms on the right-hand side of (6) are small compared to the terms on the left-hand side.
Note that the Elsässer potential equations (6) are equivalent to the reduced MHD equations, which describe the low-frequency Alfvénic dynamics in the anisotropic limit of compressible MHD.
5 Since these equations were derived by the projection of the incompressible MHD equations onto the Alfvén wave polarization, they are formally correct to lowest order only when the pseudo-Alfvén wave dynamics do not affect the evolution of the Alfvén waves. As proven in §II C above, this is rigorously true only in the anisotropic limit, k ⊥ ≫ k . However, even for a moderate anisotropy, k ⊥ > k , the effect of interactions with counterpropagating Alfvén waves remains the dominant contribution to the nonlinear evolution of an Alfvén wave, since any anisotropy of this sense lessens the contribution of interactions with counterpropagating pseudo-Alfvén waves.
III. ASYMPTOTIC ANALYTICAL SOLUTION
In this section, we derive an asymptotic solution for the nonlinear evolution of the interaction between two counterpropagating, perpendicularly polarized Alfvén waves in the weakly nonlinear limit.
Schematic of the initial conditions specifying two perpendicularly polarized, counterpropagating Alfvén waves overlapping within a periodic domain.
A. Initial Conditions
We begin by specifying a magnetized, incompressible ideal MHD plasma with a uniform equilibrium magnetic field
We choose initial conditions that specify two counterpropagating, perpendicularly polarized Alfvén waves described by the Elsässer variables
where z + and z − are constants that specify the initial amplitudes for each wave. The variation perpendicular to the equilibrium magnetic field of each Alfvén wave occurs at the lowest nonzero perpendicular wavenumber in the domain, k ⊥ = 2π/L x = 2π/L y . Similarly, the variation parallel to the equilibrium magnetic field occurs at the lowest nonzero parallel wavenumber in the domain, k = 2π/L z . We adopt the convention that the frequency of a plane Alfvén wave is always non-negative, so the sign of the parallel component of the wavevector indicates the direction of propagation of the plane wave mode. Therefore, in this calculation, k ⊥ > 0, k > 0, and ω 0 > 0 are always positive constants. The direction of propagation of the initial waves in (8) and (9) is explicitly included by the sign of the k z component of the wavevector, chosen to be consistent with the meanings of the Elsässer variables z + and z − , specifying that these initial Alfvén waves are counterpropagating. Note that, for a linear Alfvén wave eigenmode, the frequency must satisfy ω 0 = k v A , a relation that will be confirmed by the necessary conditions for the O(ǫ) solution. These initial conditions are depicted schematically in Figure 1 .
The Elsässer potentials corresponding to (8) and (9) above are given by
We use these Elsässer potentials to define the initial conditions of the calculation that define two counterpropagating, perpendicularly polarized Alfvén waves. Note that the usual Dirichlet initial conditions for the calculation can be obtained by setting t = 0 in (10) and (11) and their time derivatives. Note that since k ⊥ and k are taken to be positive constants in this calculation, the description of the various modes that arise through nonlinear evolution uses the notation (k x /k ⊥ , k y /k ⊥ , k z /k ). For example, the secondary modes that arise are (1, 1, 0) and (−1, 1, −2). In addition, we describe only the modes with k y ≥ 0, since modes with k y < 0 are equivalent to changing the sign of the amplitude of modes with k y > 0.
B. Conversion from ζ
± to E ⊥ and B ⊥
The perpendicular velocity fluctuation u ⊥ can be written in terms of a stream function Φ, and the perpendicular magnetic field fluctuation B ⊥ can be written in terms of a flux function 5 Ψ,
The Elsässer potentials can be expressed as the sum and difference of these stream and flux functions, ζ ± = Φ ± Ψ. Therefore, the Elsässer potentials may be converted to the perpendicular velocity and magnetic field fluctuations using
In the laboratory and in spacecraft measurements of plasma turbulence, the direct measurement of perpendicular velocity fluctuations u ⊥ often presents a significant challenge. It is frequently advantageous to use the measurements of the perpendicular electric field E ⊥ as a proxy for the perpendicular velocity u ⊥ . For an ideal MHD plasma, Ohm's Law defines the relation between the perpendicular electric field and perpendicular velocity fluctuations, E + u × B/c = 0. For the common case that magnetic field fluctuations are small compared to the equilibrium magnetic field, |δB| ≪ |B 0 |, the dominant, lowest order contribution to the perpendicular velocity fluctuation is simply given by the E × B velocity with respect to the equilibrium magnetic field, u ⊥ ≃ cE × B 0 /B 2 0 , so we obtain,
Therefore, our initial conditions are given by
and the Poynting flux S = (c/4π)E × B associated with the initial conditions is given, in dimensionless form, by
In the Poynting flux, it is clear that the energy flux due to z + in the first term propagates in the −ẑ direction, and the energy flux due to the z − in the second term propagates in theẑ direction, as expected.
C. Relation of Nonlinear Solutions to Linear Wave Modes
Interpretation of the physical meaning of the nonlinear solutions derived here is aided by the identification of some parts of the nonlinear solution as linear Alfvén wave modes of the system. The linear Alfvén wave modes of (1) satisfy the following two conditions: (i) a frequency given by the linear dispersion relation, ω = ±k v A ; and (ii) an eigenfunction that satisfies u ⊥ /v A = ±B ⊥ /B 0 . Using the relations to express the lowest order of u ⊥ in terms of E ⊥ given in §III B, the eigenfunction condition may be alternatively expressed by
If the nonlinear solutions for E ⊥ and B ⊥ have components that satisfy these two conditions, we identify that part of the nonlinear solution as a particular linear Alfvén wave mode. The physical interpretation is that two counterpropagating, perpendicularly polarized Alfvén waves interact nonlinearly to transfer energy to other linear Alfvén wave modes with larger values of k ⊥ . This is the fundamental physical mechanism that underlies the turbulent cascade of energy from large scales to small scales. In addition, the nonlinear solution may contain components that do not satisfy the conditions for a linear wave, and so these parts of the solution are inherently nonlinear fluctuations. This issue relates to an important question at the forefront of research on Alfvénic plasma turbulence: how much energy is contained in linear wave modes compared to that in inherently nonlinear fluctuations? The asymptotic solution presented here represents an important step in the effort to answer this question in a rigorous, quantitative manner.
D. Transformation to Characteristic Variables
The Elsässer potentials are functions of the three spatial dimensions and time, ζ ± (x, y, z, t), and the linear part on the left-hand side of (6) is a partial differential equation in z and t. We use the method of characteristics to convert the linear part of these equations to an ordinary differential equation in terms of characteristic variables,
In terms of these characteristic variables, the set of Elsässer potential equations becomes
Using the linear dispersion relation ω 0 = k v A , the initial conditions are expressed in terms of φ ± ,
Recall that, by convention, we take ω 0 > 0 and k > 0, so the direction of propagation for each mode is specified by the sign of the k term explicitly.
E. Asymptotic Expansion
We solve for the nonlinear evolution of this system asymptotically in the weak turbulence limit of small initial wave amplitudes compared to the Alfvén speed, where we define the ordering parameter for our asymptotic expansion by
To solve this asymptotically, we will expand the solutions for ζ ± in orders of ǫ,
We assume that the O(1) solution is zero, ζ ± 0 = 0. Substituting (26) into (22), we can find the equations for each order. At O(ǫ), we obtain
At O(ǫ 2 ), we obtain
At O(ǫ 3 ), we obtain
We now proceed to solve successively for the evolution of the system at each order.
F. Primary O(ǫ) Solution
The O(ǫ) solution describes the linear evolution of the system. By inspection, it is clear that the initial conditions specified by (23) and (24) satisfy the O(ǫ) equation (27) so long as the solvability condition ω 0 = k v A is satisfied, equivalent to the linear dispersion relation for Alfvén waves. Therefore, the O(ǫ) solutions ζ ± 1 (x, y, z, t) are simply given by (10) and (11), so that the initial conditions for all higher order solutions n > 1 are zero, ζ ± n = 0. We can use (15) and (16) to obtain the solutions for the electromagnetic fields B ⊥1 and E ⊥1 given by (17) and (18) .
The O(ǫ 2 ) equations describe the lowest order nonlinear evolution. At this order, ζ ± 1 are known functions, so we may substitute them into the right-hand side of (28) (10) and (11), the first and second terms on the right-hand side of (28) cancel, so the nonlinear energy transfer from the O(ǫ) solution to the O(ǫ 2 ) solution is due entirely to the third nonlinear term, yielding the equations
Integration of these equations to obtain solutions for ∇ 2 ⊥ ζ ± 2 is fairly straight-forward, but the limits of this integration must be handled carefully. Physically, we want to integrate this initial value problem from time t ′ = 0 to time t ′ = t to obtain the solution ζ 
where the last equality holds because of the initial condition that ζ + 2 (t) t=0 = 0, so that ζ + 2 (x, y, φ + , φ + ) = 0. After integrating (30) over φ ′ − with the integration limits specified above, the ∇ 2 ⊥ may be trivially eliminated due to the sinusoidal nature of the solutions in the perpendicular plane. Thus, we obtain the O(ǫ 2 ) solutions
Converting this solution from characteristic variables φ + and φ − back to z and t gives
It is easily verified that these O(ǫ 2 ) solutions indeed satisfy the initial conditions ζ ± 2 (t) t=0 = 0. We may then convert from the Elsässer potentials ζ ± 2 to the electromagnetic fields B ⊥2 and E ⊥2 using (15) and (16) to obtain
where we have used ω 0 = k v A to simplify the coefficient. The O(ǫ 2 ) nonlinear solutions for B ⊥2 and E ⊥2 enable the identification of several important characteristics of the fluctuations at this order. First, there is no secular transfer of energy to modes at this order. Second, the O(ǫ 2 ) nonlinear solution is comprised of two spatial Fourier components (k x /k ⊥ , k y /k ⊥ , k z /k ) = (1, 1, 0) and (−1, 1, 2) . Note that the Fourier components arising at this order are given by k − ± k + , where the wavevectors of the initial Alfvén waves are k + = k ⊥x − k ẑ and k − = k ⊥ŷ + k ẑ, or (1, 0, −1) and (0, 1, 1). The (−1, 1, 2) modes satisfy the two conditions outlined in §III C to be identified as two counterpropagating linear Alfvén waves: (i) the modes satisfy the linear dispersion relation ω = ±k z v A , given the frequency ω = ±2ω 0 and the component of the wavevector along the equilibrium magnetic field k z = 2k ; and (ii) the modes satisfy the eigenfunction relation for linear Alfvén waves given by (20) . One of these modes propagates as a linear Alfvén wave down the equilibrium magnetic field, and the other propagates up the equilibrium magnetic field. For the symmetric initial conditions specified in this problem, the linear superposition of these two counterpropagating linear Alfvén waves generates a standing wave in the magnetic field polarized in thex +ŷ direction and a standing wave in the electric field polarized in the −x +ŷ direction. Third, the (1, 1, 0) mode is a purely magnetic fluctuation polarized in the −x +ŷ direction. It is important to note that this mode has no spatial variation along the equilibrium magnetic field, k z = 0, but it oscillates at frequency ω = 2ω 0 , therefore this mode does not satisfy the linear dispersion relation for Alfvén waves, ω = ±k z v A . Hence, this mode represents an inherently nonlinear fluctuation in the magnetic field with no associated fluctuation in the electric field. Finally, note that the terms in the O(ǫ 2 ) solution with no time dependence arise to satisfy the zero initial conditions at this order, ζ ± 2 (x, y, z, t) t=0 = 0.
H. Tertiary O(ǫ 3 ) Solution
The O(ǫ 3 ) equations govern the next higher order of the nonlinear evolution. As we shall see, it is necessary to carry out the asymptotic expansion to this order to capture the secular transfer of energy from the primary O(ǫ) linear Alfvén waves to linear Alfvén waves with higher perpendicular wavenumber. At this order, the solutions for ζ ± 2 , given by (34) and (35) , are known, so we may substitute them into the right-hand side of (29) and solve for ζ ± 3 . The procedure followed to obtain the O(ǫ 3 ) solution is exactly the same as outlined in detail for the O(ǫ 2 ) solution in §III G above. We omit the many of the mathematical steps of this derivation, focusing only on the important differences that arise that lead to the secular transfer of energy to O(ǫ 3 ) linear Alfvén wave modes. Evaluating the six terms on the right hand side of (29) using the solutions for ζ ± 1 , given by (10) and (11) , and the solutions for ζ ± 2 , given by (34) and (35), we obtain the two evolution equations, in terms of the characteristic variables,
Inspection of (38) and (39) shows the two terms that will be responsible for secular energy transfer to modes at O(ǫ 3 ). The first term on the right-hand side of (38) does not depend on φ − , so integrating the equation over φ ′ − from φ ′ − = φ + to φ ′ − = φ − leads to a factor of (φ − − φ + ) = −2v A t in the coefficient multiplying the cosine function. Therefore, the amplitude of the resulting mode will increase secularly with t. Similarly, the eighth term on the right-hand side of (39) does not depend on φ + , so integrating the equation over φ ′ + from φ ′ + = φ − to φ ′ + = φ + leads to a factor of (φ + − φ − ) = 2v A t in the coefficient, causing a secular increase of the mode amplitude with time. This fundamental mathematical difference in the O(ǫ 3 ) solution is the underlying cause for the nonlinear transfer of energy from the primary counterpropagating Alfvén waves to the two linear Alfvén wave modes of the O(ǫ 3 ) solution.
After integrating (38) and (39) and eliminating the ∇ 2 ⊥ following the steps outlined in §III G, we obtain the O(ǫ 3 ) solutions for ζ ± 3 in terms of the characteristic variables,
We may then convert from the Elsässer potentials ζ ± 3 to the electromagnetic fields B ⊥3 and E ⊥3 using (15) and (16) to obtain
The O(ǫ 3 ) nonlinear solution demonstrates several important physical characteristics. The first and most important point is that the nonlinear evolution leads to a secular increase of amplitude for two of the resulting O(ǫ 3 ) spatial Fourier modes, (k x /k ⊥ , k y /k ⊥ , k z /k ) = (2, 1, −1) and (1, 2, 1), as indicated by the terms with the factor of t in the coefficient in (40) and (41) . Both of these secularly increasing modes can be identified as linear Alfvén waves: (i) the modes satisfy the linear dispersion relation for Alfvén waves ω = ±k z v A , since ω = ω 0 and k z = ∓k for these two modes; (ii) the four terms with the secularly increasing coefficients in (40) and (41) satisfy the eigenfunction relation for linear Alfvén waves given by (20) . The (2, 1, −1) Alfvén wave propagates down the magnetic field (in the −ẑ direction) at the Alfvén speed v A , whereas the (1, 2, 1) Alfvén wave propagates up the magnetic field. The amplitude of these two Alfvén waves increases linearly with time, and the waves are phase-shifted by −π/2 relative to the primary, O(ǫ) Alfvén waves (since this mode appears as a sine function, while all other modes appear as cosine functions). The secular increase of energy in these nonlinearly generated Alfven waves is a consequence of the nonlinear transfer of energy from the primary counterpropagating Alfvén waves with perpendicular wavenumber k ⊥ and parallel wavenumbers ±k to Alfvén waves with a larger perpendicular wavenumber √ 5k ⊥ but the same parallel wavenumbers ±k . For the symmetric problem at hand, this is the fundamental nonlinear interaction underlying the turbulent cascade of energy to higher perpendicular wavenumbers.
Second, the remainder of the O(ǫ 3 ) modes, which do not gain energy secularly, consist of a mixture of upward and downward propagating linear Alfvén waves and inherently nonlinear electromagnetic fluctuations. Note that, unlike the strictly magnetic (1, 1, 0) mode at O(ǫ 2 ), all of the O(ǫ 3 ) modes have both electric and magnetic field fluctuations. All of the modes appearing at this order fall into a set of six wavevectors. The four wavevectors (2, 1, −1), (1, 2, 1), (−1, 2, 3), and (−2, 1, 3) are newly generated modes with a higher perpendicular wavenumber of magnitude √ 5k ⊥ . The remaining two wavevectors are the same as the primary O(ǫ) waves, (1, 0, −1) and (0, 1, 1), and these fluctuations at O(ǫ 3 ) serve to diminish the amplitudes of the fluctuations in these wavevectors. Finally, note that the terms in the O(ǫ 3 ) solution clearly cancel at t = 0 to satisfy the zero initial conditions at this order, ζ 
IV. DISCUSSION
Here we aim to make a connection between this asymptotic analytical solution for the nonlinear interaction between counterpropagating Alfvén waves and the present state of understanding of weak MHD turbulence in an incompressible MHD plasma.
A. Qualitative Picture of Counterpropagating Alfvén Wave Collisions
To establish an intuitive foundation upon which to develop a refined understanding of the energy flow to small scales in plasma turbulence, we present here the qualitative picture of the nonlinear evolution of the interaction between counterpropagating Alfvén waves, corresponding to the asymptotic analytical solution derived in §III. We focus first on the Fourier modes that play a key role in the secular transfer of energy to smaller scales, or equivalently to larger wavenumber. These key modes are represented by the filled symbols in Figure 2 , a plot of wavevector space (k x , k y ) in the plane perpendicular to the equilibrium magnetic field.
In Figure 2 , the primary modes (filled circles) at O(ǫ) correspond to the initial conditions consisting of two perpendicularly polarized, counterpropagating Alfvén waves with wavevectors k 1, 1) , as depicted in Figure 1 . The frequency of both of these initial linear Alfvén wave modes is ω 0 = k v A . These two primary Alfvén waves interact nonlinearly, due to the terms on the right-hand side of (1) (1, 2, 1 ), respectively. As demonstrated in §III H, each of these tertiary modes is a linear Alfvén wave with frequency ω 0 that propagates in the same direction along the magnetic field as the primary mode that generated it, consistent with the constraint that the upward and downward waves conserve energy separately. The amplitudes of these tertiary Alfvén waves increase linearly with time. Thus, this sequence of interactions-the interaction k
-leads to the secular transfer of energy from the primary waves at low wavenumber with
⊥ + k 2 to the tertiary waves at higher wavenumber with |k
Therefore, the asymptotic solution presented in this paper provides a detailed picture of the fundamental building block of plasma turbulencethe nonlinear interaction between perpendicularly polarized, counterpropagating Alfvén waves-responsible for the turbulent cascade of energy from large to small scales. This forward cascade of energy to small scales is often the most significant impact that turbulence has on astrophysical environments. In agreement with the heuristic model of weak turbulence, 35, 51, 53, 54, 56 the nonlinear energy transfer is strictly perpendicular to higher k ⊥ , with no parallel cascade of energy to higher k .
The vital component of this physical picture of the nonlinear energy transfer in Alfvénic turbulence is the generation of the secondary k (0) 2 mode, a purely magnetic fluctuation that is self-consistently generated by the nonlinear interaction between counterpropagating Alfvén waves. A physical interpretation of this mode is illuminating. This k (0) 2 = (1, 1, 0) magnetic mode corresponds to a shear in the direction of the total magnetic field (including the equilibrium field B 0 = B 0ẑ and the fluctuation due to the k (0) 2 mode) across perpendicular plane. Because it arises as a consequence of the interaction between the primary counterpropagating Alfvén waves, the sense of this shear reverses with the frequency of the mode, 2ω 0 . The propagation of the primary Alfvén waves along this sheared magnetic field is the essential mechanism by which these waves are distorted nonlinearly. Mathematically, this nonlinear distortion is represented by the transfer of energy to the tertiary Alfvén waves k ± 3 . The identification of the secondary mode as a magnetic shear establishes a crucial connection to the discussion of the relative importance of three-wave vs. four-wave interactions in weak incompressible MHD turbulence, as discussed below in §IV B.
Note that although this physical picture of the nonlinear energy transfer in Alfvénic turbulence is formally valid only in the limit of weak turbulence, many of the general qualitative properties of this process will persist even in the more important limit of strong turbulence. Future study will explore in detail the applicability of this physical mechanism as the turbulence becomes strong.
Above we have focused on the five modes, represented by the filled symbols in Figure 2 , that mediate the fundamental transfer of energy to small scales in plasma turbulence. Other Fourier modes arise in the asymptotic solution outlined in §III, depicted by the open symbols in Figure 2 Finally, note that we show the primary mode at (−1, 0, 1) (cross-hatched circle) in Figure 2 because a complex representation of the perpendicular Fourier modes requires only the upper half-plane k y ≥ 0 when the reality condition B(k x , k y ) = B * (−k x , −k y ) is imposed. This reality condition implies that modes with k x < 0 and k y = 0 are the complex conjugates of the modes with k x > 0 and k y = 0, so this complex coefficient of the (−1, 0, 1) mode is nonzero. In summary, although there is some nonlinear energy transfer to the Fourier modes with k x < 0 (open symbols), these modes generally receive a negligible amount of energy compared to the secular transfer of energy to the tertiary modes k + 3 = (2, 1, −1) and k − 3 = (1, 2, 1) . The diagonal gray lines in Figure 2 illustrate another important property of the nonlinear evolution of the interaction between counterpropagating Alfven waves that was solved in §III. In general, the three-wave nonlinear interaction between two modes k a and k b , that results in the transfer of energy to a third mode k c , must satisfy the condition k c = k a + k b . This condition is equivalent to the conservation of momentum. For the particular initial conditions specified in §III A, this requirement determines the structure of the parallel wavenumber k z across the (k x , k y ) plane, as shown in Figure 2 . The result is that lines of constant k z follow along diagonals of unity slope. The lack of a parallel cascade of energy to higher k z means that the nonlinear transfer of energy to higher values of perpendicular wavenumber k 2 x + k 2 y follows primarily along the lines of constant k z given by k z = k , k z = 0, and k z = −k . This property will be demonstrated numerically in a future extension of this work.
B. Three-wave vs. Four-wave Interactions in Weak MHD Turbulence
In the development of the theory for weak incompressible MHD turbulence, significant controversy arose regarding the importance of three-wave interactions in the turbulence, 35, [51] [52] [53] [54] 56 as outlined above in the introduction. Here we place the explicit solution derived in §III into the context of this discussion of three-wave and four-wave interactions.
Three-wave interactions must satisfy the resonance conditions 35,37,51,52,54 on wavevector and frequency
Here we adopt the shorthand ω i = ω(k i ), where the linear dispersion relation determines the frequency ω i of a plane wave with wavevector k i . For Alfvén waves in a plasma with an equilibrium magnetic field B 0 = B 0ẑ , the linear dispersion relation is ω = |k |v A , where we have maintained here the convention from §II B that the wave frequency ω ≥ 0, so that the sign of k determines the direction of propagation of the wave. As discussed in §II B, since only counterpropagating Alfvén waves interact nonlinearly, 2,3,35,37 k a and k b must have opposite signs, so we choose k a ≥ 0 and k b ≤ 0 without loss of generality. In this case, taking theẑ component of the wavevector condition and substituting the linear dispersion relation into the frequency condition in (42), we obtain
These equations have a solution only if k b = 0. This property suggests that three-wave interactions require one of the interacting waves to have k = 0 to yield resonant nonlinear energy transfer. 35, 37, 51, 52, 54 In addition, since k a = k c , there is no parallel cascade of energy.
It is important to note here that the three-wave resonance condition for frequency (42) arises when the solution is obtained using a Fourier transform from the time to the frequency domain. When considering the solution of the nonlinear interaction on a periodic spatial domain over a finite time interval, the necessary periodicity in time requires that the time interval is an integral number of wave periods. Alternatively, this frequency condition also applies in the investigation of the interaction of localized wave packets over an infinite spatial domain over a sufficiently long time interval for the wave packets to cease interacting. 52 
For intermediate times that do not satisfy one of these criteria, one may obtain a solution that demonstrates nonresonant energy transfer that need not satisfy the resonant condition on frequency in (42).
Analogous to three-wave interactions, the four-wave interactions must satisfy the resonance conditions 35,52 on wavevector and frequency
In this case, a similar procedure can be used, assuming k a > 0 and k b < 0, to obtain simplified conditions
In this case, the solution requires k a = k c and k b = k d , and once again there is no parallel cascade of energy for the four-wave interaction.
35
Let us now discuss the explicit solution derived in §III in terms of three-and four-wave interactions. First, we note that the initial conditions of the problem contain no k = 0 component, so the expectation arising from a consideration of the resonance conditions (42) is that there will be no energy transfer from three-wave interactions. The secondary solution at O(ǫ 2 ) arises from the three-wave interaction k
2 , where the amplitude of the k
2 mode scales ∝ z + z − , as expected for three-wave interactions. 35, 52 From inspection of the first line of (36), it is clear that there is indeed a nonlinear transfer of energy to mode k (0) 2 = (1, 1, 0). There is, however, no secular change in the amplitude; in fact, at times t n = nπ/ω 0 for n = 0, 1, 2, . . ., the net transfer of energy to this mode is zero. The nonlinear transfer of energy to this mode is nonresonant, 53 yielding no net transfer of energy over an integral number of periods. This result agrees with the analytical findings of Ng and Bhattacharjee, 52 that the three-wave resonant interactions vanish if there is no k = 0 component to the interacting Alfvén waves.
The tertiary solution at O(ǫ 3 ) arises from the interaction k
, it is apparent that this tertiary solution arises through a four-wave interaction, although the detailed mechanism mediating the energy transfer to the modes k + 3 = (2, 1, −1) and k − 3 = (1, 2, 1) looks somewhat different from the four-wave interactions discussed in the literature 35 and summarized above by the resonance conditions (44) . Indeed, the interaction k 
35,52
Note that, although the nonlinear energy transfer in our solution is dominated by resonant four-wave interactions, the role played by the inherently nonlinear k (0) 2 magnetic mode establishes a direct connection to the reasoning used to argue for the dominance of three-wave interactions in weak incompressible MHD turbulence. [51] [52] [53] [54] 56 . Qualitatively, the three-wave interactions are nonzero if the magnetic field lines wander away from each other in a weakly turbulent plasma. Such field line wander requires a shear in the direction of the magnetic field across the plane perpendicular to the field, which is mathematically represented by a Fourier component of the background magnetic field with k ⊥ = 0 but k = 0. The k (0) 2 = (1, 1, 0) mode arising in our solution has precisely this property, and thus mediates nonlinear energy transfer in the same way that magnetic field line wander does. The difference between these two pictures is that the k (0) 2 mode arises at O(ǫ 2 ), whereas magnetic field line wander would correspond to a k = 0 Fourier component at O(ǫ); therefore, the k
2 mode transfers energy through resonant four-wave interactions, whereas magnetic field line wander transfers energy through resonant three-wave interactions.
It is worthwhile here to compare our explicit asymptotic solution to the closely related work by Ng and Bhattacharjee,
52
which presents an analytical and numerical treatment of the nonlinear interaction between two counterpropagating Alfvén wave packets of finite extent. Using perturbation theory, they calculate analytically in closed form the threeand four-wave interactions between colliding Alfvén wave packets of arbitrary form to determine which of these mechanisms dominates in the weak turbulence limit. They proved that, if the wave packets have a nonzero k = 0 component, then three-wave interactions dominate over the four-wave interactions. The nature of our explicit analytical solution is completely consistent with the properties of the Alfvén wave interactions that are elucidated in their work, although there is one subtle issue worthy of comment. By assuming that the functions describing the primary interacting wave packets are separable,
, they obtain the surprising result that the four-wave interactions also vanish if the initial waves do not contain a k = 0 component. This finding appears to be inconsistent with the secular energy transfer mediated by resonant four-wave interactions in the solution derived in §III. The plane wave form of the primary Alfvén waves given by (8) and (9), however, is not separable in the manner assumed by Ng and Bhattacharjee, and therefore our findings remain consistent. Since the plane wave decomposition used here is a valuable basis that can be used to describe the interaction of an arbitrary Alfvénic fluctuation, we believe that the development of a detailed understanding of the dynamics of the nonlinear interaction between Alfvén plane waves provides an important foundation for developing a detailed intuitive picture of this fundamental building block of astrophysical plasma turbulence.
C. Implications for Turbulence in Astrophysical Plasmas
In this paper, we explore in detail the process of nonlinear energy transfer in astrophysical plasma turbulence due to the E × B nonlinearity. As long as there is a nonzero Alfvén wave energy flux traveling in both directions along the magnetic field, this mechanism is very effective at transferring energy nonlinearly to higher k ⊥ , and, in the anisotropic limit k ⊥ ≫ k that naturally develops in plasma turbulence, this mechanism does not even require a large fluctuation amplitude for the nonlinearity to be strong, as explained in the introduction. Unless particularly special circumstances exist to eliminate the E × B nonlinearity-such as all wave energy traveling in one direction along the magnetic field, all Alfvénic fluctuations polarized in the same plane, or all fluctuations with k ⊥ = 0-we expect that the E × B nonlinearity will dominate over other mechanisms for nonlinear energy transfer, such as parametric instabilities or nonlinear Landau damping.
The detailed nature of the asymptotic analytical solution in the weak turbulence limit lends valuable insight into the properties of plasma turbulence. The eigenfunction of linear Alfvén waves (see §III C) implies that if plasma turbulence is dominated by Alfvénic fluctuations, one should expect that the turbulent fluctuations have equal kinetic and magnetic energies, where this equipartition of energies applies scale by scale. Thus, the turbulent kinetic and magnetic energies should have the same wavenumber spectra. This has been quantified in the literature by a study of the Alfvén ratio
, where a normalized version of the residual energy is defined by σ R ≡ (E V − E B )/(E V + E B ) = (R A − 1)/(R A + 1). Equipartition therefore corresponds to R A = 1 or σ R = 0. But, within the inertial range of solar wind turbulence, corresponding to the approximate spacecraft-frame frequency range from 10 −4 Hz to 0.4 Hz (where the Taylor hypothesis 66 relates the frequency spectrum to the wavenumber spectrum), observations 59, [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] show that the magnetic energy exceeds the kinetic energy, especially at large scales, leading to an Alfvén ratio R A < 1 or a negative residual energy σ R < 0. This excess of magnetic energy has also been observed in MHD simulations of weak 77 and strong 59, 78 turbulence. Based on the results of MHD turbulence simulations, Boldyrev and Perez 77 suggested that the negative residual energy was a consequence of the breakdown of mirror symmetry in imbalanced turbulence (turbulence with a greater Alfvén wave energy flux in one direction along the magnetic field than along the opposite direction). Subsequently, Wang et al. 79 demonstrated analytically that the development of a negative residual energy arises naturally through the nonlinear interaction of Alfvén waves, leading to a "condensate" of energy in k ≈ 0 modes, and further suggested that this condensate plays an essential role in the turbulent dynamics. These findings are supported by the analytical solution presented in §III. In fact, the qualitative picture of the nonlinear energy transfer due to the interaction between counterpropagating Alfvén waves, described in §IV A, illuminates the physical mechanisms that generate the negative residual energy. In particular, the inherently nonlinear k (0) 2 mode in our solution is a purely magnetic mode, thereby contributing to the magnetic energy but not to the kinetic energy, leading to R A < 1 or σ R < 0, consistent with solar wind observations and MHD simulations. Although our solution rigorously holds only in the weak turbulence limit, it is likely that many of the qualitative properties of our solution persist into the strongly nonlinear regime. Future work will explore the applicability on this picture of the nonlinear evolution in the strongly nonlinear limit.
The analytical solution in §III applies for the interaction between counterpropagating plane Alfvén waves that remain correlated over all time. The nonlinear energy transfer from the primary k (40) and (41), or equivalently, an energy of the tertiary mode that increases as E ∝ t 2 . At first, this may seem inconsistent with the expectation from turbulence theories that the energy increase due to nonlinear energy transfer from wavenumber k to wavenumber 2k scales as E ∝ t. The difference arises because the energy transfer remains coherent in the idealized model of two interacting plane Alfvén waves solved here, whereas in a turbulent system, the typical model involves a localized Alfvén wave packet interacting with many uncorrelated Alfvén wave packets that are propagating in the opposite direction. The connection between these models can be described as follows. The fundamental building block of astrophysical plasma turbulence is the interaction between two counterpropagating Alfvén wave packets. The nature of each of these individual interactions is informed by the analytical solution provided here, where the energy transferred within a single collision between wave packets scales as E ∝ t 2 . But each of these collisions effectively provides a step in the energy of a wave packet, ∆E. After interaction with many uncorrelated counterpropagating wave packets, yielding a random walk in energy with step size ∆E, the statistical result is a transferred energy that scales as E ∝ t, in agreement with theoretical expectations. It is therefore necessary to account for the incoherent nature of successive wave packet collisions when exploiting the intuition gained from the solution derived here in any attempt to refine the theory of astrophysical plasma turbulence. In particular, this intuition may be useful in the attempt to incorporate the role of the k = 0 modes into a refined theory. 79 An important property of plasma turbulence that is highlighted by the solution obtained here is the inherently three-dimensional nature of turbulence in a magnetized plasma 65, 80 , as discussed in §II D. Motivated by the power arising at k ≈ 0 in MHD turbulence simulations, 81,82 to achieve higher spatial resolution, many recent studies of plasma turbulence have employed two-dimensional simulations in the plane perpendicular to the mean magnetic field. [83] [84] [85] [86] [87] [88] [89] [90] [91] However, these 2D simulations cannot describe the dynamics of Alfvén waves, which are generally considered to be fundamental to the turbulence. The solution here demonstrates two important points about the nature of incompressible MHD turbulence: (i) the interaction between counterpropagating Alfvén waves naturally generates modes with k = 0, and (ii) these k = 0 modes play an essential role in mediating the energy transfer from the initial interacting Alfvén waves to generate Alfvén waves with larger perpendicular wavenumber. We consider that this mechanism, described in §IV A, is the fundamental building block of plasma turbulence, and it cannot be described without a full three-dimensional treatment. Therefore, although 2D turbulence simulations are possible, their relevance to turbulence in astrophysical plasmas remains to be established.
The nonlinear solution obtained here also exposes an important misconception that has arisen relating to the importance of linear wave modes in plasma turbulence. A number of papers have suggested that, if linear wave modes play an important role in plasma turbulence, then one should be able to "see" the signature of the wave's linear dispersion relation in a plot of turbulent power on the ω-k plane. 48, 81, 89, 92, 93 This is not correct. We have clearly demonstrated in §III H that the secularly increasing tertiary modes in this solution are linear Alfvén waves. However, because the amplitudes of these linear waves increase as a function of time, the Fourier transform of a finite time interval to the frequency domain will not generate a clear signal at the linear wave frequency; instead, the power will be spread over a range of frequencies. In addition, if linear Alfvén wave power is confined spatially to localized wave packets, the frequency spectrum resulting from a probe sampling the wave packet as it passes by will be similarly broadened. For turbulence consisting of many nonlinearly interacting linear wave modes with a spectrum of different wavevectors, each of which has a broadened frequency content, the combination of these modes is not likely to display any distinct features along the ω-k diagram, even if it is composed of nothing but linear eigenmodes. For this reason, the frequency is not a good property to use for identifying linear wave modes. The eigenfunction-which, for a particular linear wave mode, defines the amplitude and phase relations between the fluctuations in the density, pressure, and the components of the magnetic field and the velocity field-is a much more valuable property for evaluating the importance linear wave properties in plasma turbulence. Approaches that exploit the characteristics of the linear eigenfunctions have yielded valuable results that constrain the nature of the turbulent fluctuations in the solar wind. 62, 94 In fact, a novel method for the analysis and interpretation of spacecraft measurements of turbulence utilizes the properties of the linear eigenfunctions to construct synthetic spacecraft data.
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Although the problem solved here-the interaction of overlapping plane Alfvén waves on a periodic domain-is significantly idealized, it provides an important intuitive foundation upon which to refine our understanding of plasma turbulence. Specifically, this problem models interactions that are local in wavenumber space, since the initial upward and downward Alfvén waves have k
In addition, the plane waves are initially overlapping in space before the nonlinear interaction is allowed to begin. Nevertheless, the asymptotic analytical solution derived here provides an intuitive picture of the nature of interactions between counterpropagating Alfvén waves, which consitute the fundamental building blocks of astrophysical plasma turbulence. Future studies will relax the simplifications used in this paper, allowing for the investigation of nonlocal interactions (k + ⊥ = k − ⊥ and/or k + = −k − ), interactions between wave packets that do not initially overlap (similar to a previous investigation 52 ), and the modification of the turbulence as the Alfvénic fluctuations reach the small scales, k ⊥ ρ i 1, where the wave modes become the dispersive kinetic and inertial Alfvén waves.
V. CONCLUSIONS
Turbulence significantly impacts the evolution of a wide range of astrophysical plasma environments, from galaxy clusters and accretion disks to interstellar medium of the Galaxy to the solar corona and solar wind. The primary effect of this plasma turbulence is to mediate a cascade of energy from the large scales where the turbulent motions are driven down to sufficiently small scales where dissipative mechanisms bring about the ultimate conversion of the turbulent energy to plasma heat. Nonlinearity in the equations governing the plasma dynamics is the underlying physical mechanism responsible for this turbulent cascade of energy to small scales. Although a number of different nonlinear mechanisms are possible in a magnetized plasma, the dominant nonlinearity in plasma turbulence is the E × B nonlinearity, responsible for the nonlinear interaction between perpendicularly polarized, counterpropagating Alfvén waves. This nonlinear interaction, commonly called an Alfvén wave "collision," constitutes the fundamental building block of astrophysical plasma turbulence.
In this paper, we present an asymptotic analytical solution for the nonlinear evolution of the interaction between counterpropagating Alfvén waves in an incompressible MHD plasma in limit of weak nonlinearity. This solution provides a firm intuitive foundation upon which to develop a more detailed understanding of the physical mechanisms driving the cascade of energy in plasma turbulence. Rigorously, this calculation requires sufficient anisotropy k ⊥ ≫ k so that the pseudo-Alfvén waves have no effect on the Alfvénic turbulent dynamics. A similar simplification occurs for compressible MHD plasmas in the anisotropic limit, k ⊥ ≫ k , since it has been shown that the compressible fluctuations associated with the slow waves and entropy modes decouple from the reduced MHD equations that govern the Alfvén wave cascade. 5 Note that the fast magnetosonic wave is ordered out of the dynamics by assuming either incompressibility or anisotropy.
The primary result of this paper is a qualitative picture of the nonlinear interactions driving the turbulent cascade of energy to small scales, involving the key Fourier modes depicted by the filled symbols in Figure 2 . It describes the interaction between two perpendicularly polarized, counterpropagating plane Alfvén waves, with frequency ω 0 and wavevectors k + 1 = k ⊥x − k ẑ and k − 1 = k ⊥ŷ + k ẑ, schematically shown in Figure 1 . First, these primary Alfvén waves interact nonlinearly to generate a secondary mode with wavevector k (0) 2 = k ⊥x + k ⊥ŷ . This mode satisfies neither the frequency nor the eigenfunction conditions for a linear Alfvén wave, and therefore it is an inherently nonlinear fluctuation. It is purely magnetic and has no parallel variation, and therefore corresponds to a shear in the magnetic field direction that reverses with a frequency 2ω 0 . The energy transfer to this secondary mode is due to a nonresonant three-wave interaction. Next, the two primary Alfvén waves k ± 1 each interact with this secondary mode k (0) 2 to transfer energy to two tertiary Alfvén waves with frequency ω 0 and wavevectors k + 3 = 2k ⊥x + k ⊥ŷ − k ẑ and k − 3 = k ⊥x + 2k ⊥ŷ + k ẑ. This resonant four-wave interaction leads to a secular increase in the amplitude of these tertiary modes, which satisfy both the frequency and eigenfunction conditions for linear Alfvén waves. The tertiary Alfvén waves have the same parallel wavevectors as the primary waves, so there is no parallel cascade. In addition, the upward primary wave transfers energy to the upward tertiary wave, while the downward primary wave transfers energy to the downward tertiary wave, so it is clear that these interactions obey the constraint that the upward and downward wave energy fluxes are conserved by the nonlinear equations. In summary, it is this process that forms the fundamental mechanism supporting the nonlinear cascade of energy in a turbulent, magnetized plasma.
The detailed properties of this interaction between counterpropagating Alfvén waves in the limit of weak nonlinearity provide crucial insight into the nature of both weak and strong plasma turbulence. First, this solution provides a detailed analytical form against which the results of nonlinear simulations can be compared. Second, this solution illustrates clearly how k = 0 modes play an important role in both three-wave and four-wave resonant interactions, and informs the debate about the which of these mechanisms is dominant in weak MHD turbulence. An extension of this work will consider the interaction between two counterpropagating plane Alfvén waves with arbitrary wavevectors.
Third, the solution immediately demonstrates the development of purely magnetic fluctuations as a result of the collision between Alfvén waves, and this is the likely explanation for the observations of a negative residual energy in solar wind turbulence. 79 Fourth, the energy of the tertiary mode in this solution increases with the square of time, E ∝ t 2 , due to the coherent nature of the interaction. For turbulence consisting of collisions with many uncorrelated Alfvén wave packets, the statistically averaged energy increase is expected to scale as E ∝ t. Fifth, this solution highlights the inherently three-dimensional nature of turbulence in a magnetized plasma, clearly demonstrating that the interaction between counterpropagating Alfvén waves naturally generates modes with k = 0, and that these modes play an essential role in mediating the nonlinear energy transfer. Finally, the nonlinearly generated modes in this weak turbulence problem are linear Alfvén waves, but the secular increase in the mode amplitudes will obscure a clear linear dispersion relation signature in an ω-k diagram.
Ultimately, this asymptotic analytical solution was derived to provide the necessary theoretical basis for the design of an experimental program to measure, for the first time, the nonlinear interaction between counterpropagating Alfvén waves. The successful completion of this experimental effort has confirmed this fundamental nonlinear interaction in a laboratory plasma, even under the weakly collisional conditions relevant to many turbulent space and astrophysical plasma systems, and has demonstrated that theoretical models developed under simplified plasma descriptions, such as incompressible MHD, remain applicable under more general plasma conditions. 96 As a complement to the analytical derivation presented here, quantitative verification of this analytical solution using gyrokinetic numerical simulations is presented in Paper II. 60 A detailed description of the theoretical considerations involved in the experimental design and supporting numerical simulations is contained in Paper III, 97 and the specifics of the experimental procedure and data analysis appear in Paper IV. 98 Future extensions of this work will explore the transition to the limit of strong turbulence and the nature of the nonlinear energy transfer in the small-scale, dispersive regime of kinetic and inertial Alfvén waves.
